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region. Hence, there are 2k regions split, which shows that
there are 2k more regions than there were previously. Hence,
k+ 1 circles satisfying the specified properties divide the
planeinto k> —k 4+ 2+ 2k = K2+ 2k+ 1) —(k+ 1)+ 2 =
(k4+1)? = (k+ 1)+ 2 regions.  47. Suppose +/2 were ra-
tional. Then +/2 = a/b, where a and b are positive inte-
gers. It follows that the set S = {nv/2|n e N} NN is a
nonempty set of positive integers, because b+/2 = a belongs
to S. Let ¢ be the least element of S, which exists by the well-
ordering property. Then t = s+/2 for some integer s. We have
t —s =54/2—5=5(+/2—1),50 1 —s is a positive integer
because +/2 > 1. Hence, t — s belongs to S. This is a con-
tradiction because f — s = sv/2 — s < s. Hence, +/2 is irra-
tional. 49.a) Letd = ged(ay, az, ..., a,). Thend is a divi-
sor of each a; and so must be a divisor of ged(a, -1, a,). Hence,
d is a common divisor of ay, ay, . . ., a,—3, and ged(a,—1, a,).
To show that it is the greatest common divisor of these num-
bers, suppose that ¢ is a common divisor of them. Then ¢
is a divisor of @; for i =1,2,...,n —2 and a divisor of
ged(ay,—1, ay), so it is a divisor of a,_; and a,. Hence, c is
a common divisor of a, as, ..., a,_1, and a,. Hence, it is a
divisor of d, the greatest common divisor of ay, ay, ..., a,.
It follows that d is the greatest common divisor, as claimed.
b) If n = 2, apply the Euclidean algorithm. Otherwise, ap-
ply the Euclidean algorithm to a,—; and a,, obtaining d =
ged(ay,-1, a,), and then apply the algorithm recursively to a,
a,...,a,_2,d. 5l. f(n)=n% Let P(n) be “f(n) = n2”
Basis step: P(1)is true because f(1) = 1 = 12, which follows
from the definition of f. Inductive step: Assume f(n) = n’.
Then f(n+1) = f(n+1) — D+2mn+1)—-1= f(n)+
m+1=n*+2n+1=@n+1>% 53.2)4,0,1,00,01,
11,000, 001,011, 111, 0000, 0001, 0011, 0111, 1111, 00000,
00001, 00011, 00111, 01111, 11111 b)S={af|a isa
string of m Os and B is a string of n 1s, m > 0,n > 0}
55. Apply the first recursive step to A to get () € B. Apply
the second recursive step to this string to get ()() € B. Ap-
ply the first recursive step to this string to get (()()) € B.
By Exercise 58, (())) is not in B because the number of left
parentheses does not equal the number of right parentheses.
57.1,0,0),00 59.2)0 b)-2 ¢)2 d)0

61. procedure generate(n: nonnegative integer)
if n is odd then
begin
S:=8Sn—-1T:=Thn-1)
end
else if n = 0 then

begin ‘
T, =T —-2);8 :=8n-2)
T:=T1U{x)|xeTiUS;and/(x) =n —2}
S:=8U{xy|xeTjandyeT; US,
and /(xy) = n}
end {T U S is the set of balanced strings of length
at most n}
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63.1fx < yinitially, thenx := yisnotexecuted,sox < yisa
true final assertion. If x > y initially, then x := y is executed,
sox < y is again a true final assertion.

65. procedure zerocount (aj, az, . . ., a,: list of integers)
if n = 1 then
if a; = 0 then zerocount (a1, ay, ..., a,) =1
else zerocount (ay, ay, . ..,a,) =0 -
else
if a, = 0 then zerocount (ay, ay, ..., a,) :=
zerocount (ay, ay, ..., ay—1) + 1
else zerocount (ay, ay, ..., ay) =
zerocount (ay, ay, ..., an—1)

67. We will prove that a(n) is a natural number and a(n) < n.
This is true for the base case n = 0 because a(0) = 0. Now
assume that a(n — 1) is a natural number and a(n — 1) <
n — 1. Then a(a(n — 1)) is a applied to a natural number
less than or equal to n — 1. Hence, a(a(n — 1)) is also a
natural number minus than or equal to n — 1. Therefore,
n —a(a(n — 1)) is n minus some natural number less than
or equal to n — 1, which is a natural number less than
or equal to n.  69. From Exercise 68, a(n) = [(n + 1)u]
and a(n — 1) = |nu]. Because 1 < 1, these two values are
equal or they differ by 1. First suppose that un — [un] <
1 — . This is equivalent to u(n + 1) < 1 + |un]. If this is
true, then |u(n + 1)] = |un]. On the other hand, if un —
[un] > 1= p, then u(n +1) > 1 + |unj, so [u(n +1)] =
lun] 41, as desired.  71. f(0) =1, m(0)=0; f(1) =1,
m1)=0,/Q)=2,mQ2) =1 f3)=2,mB3)=2; f4) =
3, mA)=2 f5)=3, m(5)=3; f(6)=4 m®6) =4
S =5m()=4 f(8) =5m@®) =5 f(9)=6,m@) =
6 73. The last occurrence of # is in the position for which
the total number of 1’s, 2’s, ..., n’s all together is that posi-
tion number. But because a; is the number of occurrences of
k, this is just Y _;_, ax, as desired. Because f() is the sum of
the first n terms of the sequence, f(f(n)) is the sum of the
first f(n) terms of the sequence. But because f(n) is the last
term whose value is n, this means that the sum is the sum of
all terms of the sequence whose value is at most #. Because
there are a; terms of the sequence whose value is , this sum
is Y 4, k - ay, as desired

CHAPTER 5

Section 5.1

1. a)5850 b)343 3.a)4° 1b)5° 542 7.26°
9.676 11.2% 13.n+1 (counting the empty string)
15. 475,255 (counting the empty string)  17. 1,321,368,961
19. a) Seven: 56, 63, 70, 77, 84, 91,98  b) Five: 55, 66, 77,
88, 99 ¢)One: 77 21.a)128 1b)450 ¢)9 d)675
€450 £)450 g225 h)75 23.2)990 b) 500
)27 25,3% 27. 52,457,600 29. 20,077,200
31.a)37,822,859,361 b) 8,204,716,800 c¢) 40,159,050,
880 d)12,113,640,000 e) 171,004,205215 f) 72,043,
541,640 ) 6,230,721,635  h) 223,149,655 33.a)0
b) 120 ¢) 720 d)2520 35.2)2 if n=1,2 if n=2,0
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if n>3 b)2"2 for n>1; 1 if n=1 ¢)2mn—1)
37.(n+ 1" 39.1f n is even, 2"/%; if n is odd, 2¢*t)/2
41.2)240 b)480 «¢)360 43.352 45.147 47.33
49. a) 9,920,671,339,261,325,541,376 =~ 9.9 x 10%
b) 6,641,514,961,387,068,437,760 ~ 6.6 x 10?!
¢) 9,920,671,339.261325541376 seconds, which is about
314,000 years - 51.7,104,000,000,000 53.18 55.17
57.22 59. Let P(m) be the sum rule for m tasks. For the ba-
sis case take m = 2. This is just the sum rule for two tasks. Now
assume that P(m) is true. Consider m + 1 tasks, T\, T, ...,
T, Twy1, which can be done in ny,ny,..., "0y, Apyy
ways, respectively, such that no two of these tasks can be
done at the same time. To do one of these tasks, we can either
do one of the first m of these or do task T,,+;. By the sum rule
for two tasks, the number of ways to do this is the sum of the
number of ways to do one of the first m tasks, plus ;. By
the inductive hypothesis, this is ny +ny + -+ + 1y + 141,
as desired.  61. n(n —3)/2

Section 5.2

1. Because there are six classes, but only five weekdays, the pi-
geonhole principle shows that at least two classes must be held
onthesameday. 3.a)3 b)14 5. Because thereare four
possible remainders when an integer is divided by 4, the pi-
geonhole principle implies that given five integers, at least two
have the same remainder. 7. Leta,a+1,...,a+n — lbe
the integers in the sequence. The integers (a + i) mod n, i =
0,1,2,..., n—1, are distinct, because 0 < (a + j) — (a +
k) < n whenever 0 <k < j <n — 1. Because there are n
possible values for (a + i) mod n and there are n different
integers in the set, each of these values is taken on exactly
once. It follows that there is exactly one integer in the se-
quence that is divisible by n.  9.4951  11. The midpoint
of the segment joining the points (a, b, ¢) and (d, e, f) is
((@+d)/2,(b+e)/2,(c+ f)/2). It has integer coefficients
if and only if a and d have the same parity, b and e have the
same parity, and ¢ and /" have the same parity. Because there
are eight possible triples of parity [such as (even, odd, even)],
by the pigeonhole principle at least two of the nine points have
the same triple of parities. The midpoint of the segment join-
ing two such points has integer coefficients. 13, a) Group
the first eight positive integers into four subsets of two inte-
gers each so that the integers of each subsetadd up to 9: {1, 8},
{2, 7}, {3, 6}, and {4, 5}. If five integers are selected from the
first eight positive integers, by the pigeonhole principle at least
two of them come from the same subset. Two such integers
have a sum of 9, as desired.  b) No. Take {1, 2, 3, 4}, for ex-
ample. 15.4 17.21,251 19. a) Ifthere were fewer than
9 freshmen, fewer than 9 sophomores, and fewer than 9 ju-
niors in the class, there would be no more than 8 with each of
these three class standings, for a total of at most 24 students,
contradicting the fact that there are 25 students in the class.
b) If there were fewer than 3 freshmen, fewer than 19 sopho-
mores, and fewer than 5 juniors, then there would be at most
2 freshmen, at most 18 sophomores, and at most 4 juniors, for
a total of at most 24 students. This contradicts the fact that
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there are 25 students in the class. 21.4,3,2,1,8,7,6,5,
12,11, 10,9, 16, 15, 14, 13
23. procedure long(ay, . . ., a,: positive integers)

{first find longest increasing subsequence}

max = 0; set := 00...00 {n bits}

fori :=1to2"
begin
last := 0; count .= 0, OK := true
forj:=1ton
begin
if set(j) = 1 then
begin

ifa; > last then last := a;
count := count + 1
end
else OK := false
end
if count > max then
begin
max .= count
best := set
end
set .= set + 1 (binary addition)
end {max is length and best indicates the sequence}
{repeat for decreasing subsequence with only
changes being a; < last instead of a; > last
and last := oo instead of last := 0}
25. By symmetry we need prove only the first statement. Let
A be one of the people. Either A has at least four friends,
or A has at least six enemies among the other nine people
(because 3 + 5 < 9). Suppose, in the first case, that B, C,
D, and E are all A’s friends. If any two of these are friends
with each other, then we have found three mutual friends.
Otherwise {B, C, D, E} is a set of four mutual enemies. In
the second case, let {B,C, D, E, F, G} be a set of enemies
of A. By Example 11, among B, C, D, E, F, and G there
are either three mutual friends or three mutual enemies, who
formi with A, a set of four mutual enemies. 27. We need
to show two things: that if we have a group of n people, then
among them we must find either a pair of friends or a subset
of n of them all of whom are mutual enemies; and that there
exists a group of n — 1 people for which this is not possible.
For the first statement, if there is any pair of friends, then the
condition is satisfied, and if not, then every pair of people are
enemies, so the second condition is satisfied. For the second
statement, if we have a group of n — 1 people all of whom are
enemies of each other, then there is neither a pair of friends
nor a subset of n of them all of whom are mutual enemies.
29. There are 6,432,816 possibilities for the three initials and
a birthday. So, by the generalized pigeonhole principle, there
are at least [36,000,000/6,432,816] = 6 people who share
the same initials and birthday. 31.18 33. Because there
are six computers, the number of other computers a computer
is connected to is an integer between 0 and 5, inclusive. How-
ever, 0 and 5 cannot both occur. To see this, note that if some
computer is connected to no others, then no computer is con-
nected to all five others, and if some computer is connected
to all five others, then no computer is connected to no others.
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Hence, by the pigeonhole principle, because there are at most
five possibilities for the number of computers a computer is
connected to, there are at least two computers in the set of six
connected to the same number of others. ~ 35. Label the com-
puters C; through Cg9, and label the printers P; through Py.
If we connect Cy to P, fork = 1,2, ..., 20 and connect each
of the computers Cy; through C g to all the printers, then we
have used a total of 20 + 80 - 20 = 1620 cables. Clearly this is
sufficient, because if computers C; through Cy need printers,
then they can use the printers with the same subscripts, and if
any computers with higher subscripts need a printer instead of
one or more of these, then they can use the printers that are not
being used, because they are connected to all the printers. Now
we must show that 1619 cables is not enough. Because there
are 1619 cables and 20 printers, the average number of com-
puters per printer is 1619/20, which is less than 81. Therefore
some printer must be connected to fewer than 81 computers.
That means it is connected to 80 or fewer computers, so there
are 20 computers that are not connected to it. If those 20 com-
puters all needed a printer simultaneously, then they would
be out of luck, because they are connected to at most the 19
other printers.  37. Let a; be the number of matches com-
pleted by houri. Then 1 <a; <a; < --- < azs < 125. Also
25<a1+24 <ay+24 <--- <azs + 24 < 149. There are
150 numbers ay, ..., ass,a; + 24, ..., ass + 24. By the pi-
geonhole principle, at least two are equal. Because all the
a;s are distinct and all the (a; + 24)s are distinct, it follows
that a; = a; + 24 for some i > j. Thus, in the period from
the (j + 1)st to the ith hour, there are exactly 24 matches.
39. Use the generalized pigeonhole principle, placing the |S|
objects f(s) for s € S in |T| boxes, one for each element
of T. 41.Let d; be jx — N(jx), where N(jx) is the in-
teger closest to jx for 1 < j < n. Each d; is an irrational
number between —1/2 and 1/2. We will assume that n is
even; the case where n is odd is messier. Consider the n in-
tervals {x | j/n<x <(G+1D/n}, x| -G+ 1)/n<x<
—j/n}forj=0,1,...,(n/2) — 1.1f d; belongs to the inter-
val {x | 0 < x < 1/n} or to the interval {x | —1/n < x < 0}
for some j, we are done. If not, because there are n — 2
intervals and » numbers d;, the pigeonhole principle tells
us that there is an interval {x | (k — 1)/n < x < k/n} con-
taining d, and d; with r < s. The proof can be finished by
showing that (s — r)x is within 1/n of its nearest integer.
43. a) Assume that i}, < n for all k. Then by the generalized
pigeonhole principle, at least [(n2 4 1)/n] =n 41 of the
numbers i, iy, ..., ipz41 are equal.  b) If a;, < ay,,, then
the subsequence consisting of a, followed by the increasing
subsequence of length iy, starting atay ,, contradicts the fact
thatiy, = iy,,,. Hence, ax, > ay,,. c¢) If there is no increas-
ing subsequence of length greater than n, then parts (a) and
(b) apply. Therefore, we have ay,,, > a;, > -+ > &, > ay,,
a decreasing sequence of length n + 1.

Section 5.3

1. abc, ach, bac, bca, cab,cba  3.720 5.a) 120 b) 720
c)8 d)6720 e)40,320 1) 3,628,800 7.15,120
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9.1320 11.2)210 b)386 c¢)848 d)252 13.2(n!)?
15.65,780 17.2'% —5051 19.2)1024 b)45 ¢)176
d)252 21.a)120 b)24 ¢ 120 d)24 )6
)0  23.609,638,400  25.a) 94,109,400 b) 941,094
) 3,764,376 d) 90,345,024 e) 114,072 )2328 g)24
h) 79,727,040 i) 3,764,376  j) 109,440  27. a) 12,650
b) 303,600 29.2a)37,927 b) 18,915 31.a) 122,523,030
b) 72,930,375 ¢) 223,149,655 d) 100,626,625 33. 54,600
35.45 37.912 39.11,232,000 41.13 43.873

Section 5.4

Lx* +4x3y +6x2p +4xp> + 3% 3.x0+6x°y + 15x*
¥ 42053y + 15x2y* + 6xy° +y° 5,101 7. -2'()) =
~94,595,072 9. —21013% (%) 11, (=1)20-b73
(200 y) ik = 2 (mod 3)and —100 < k < 200; 0 otherwise
13.1 9 36 84 126 126 84 36 9 1 15.The
sum of all the positive numbers (}), as k runs from 0 to 7,

is 2", so each one of them is no bigger than this sum.
n  _  a=1)(n=2)-(n—k+1) e ok ok—l
17.() = “Whasa s < % o= )2
n n ! [ !
19. (k—l) +()= (k—l)!(:—k+l)! + k!(:—k)! = morrny R
M 1
(n—k+ 1] = s = (7)) 21. a) We show that
each side counts the number of ways to choose from a
set with n elements a subset with £ elements and a dis-
tinguished element of that set. For the left-hand side, first
choose the k-set (this can be done in (}) ways) and then
choose one of the & elements in this subset to be the dis-
tinguished element (this can be done in & ways). For the
right-hand side, first choose the distinguished element out
of the entire n-set (this can be done in n ways), and then
choose the remaining k — 1 elements of the subset from the

remaining n — 1 elements of the set (this can be done in (Z:]l )

n _ L =D el

ways). b) k(k) =k k!(:—k)! = (k—l;‘!(n—k)! = ”(2-1)
n+ly  _ (n+1)! _ (n+) ! _

23.("}) = Morioh = & a=nheay = @+ D

(kf]) /k. This identity together with (j) =1 gives a recur-

sive definition. 25, () + (¥) = () =} [ +
= [E +en] =1 ()
counts the number of ways to choose a sequence of » 0s and
n+1 1s by choosing the positions of the 0s. Alternately,
suppose that the (j + 1)st term is the last term equal to 1,
so that n < j < n +r. Once we have determined where the
last 1 is, we decide where the Os are to be placed in the j
spaces before the last 1. There are n 1s and j — n Os in this
range. By the sum rule it follows that there are Y 1" (/) =

Jj=n \j-n
Yieo ("7¥) ways to do this.  b) Let P(r) be the statement to
be proved. The basis step is the equation (f) = ("3’1), which

is just 1 = 1. Assume that P(r) is true. Then Y ;7¢ ("¥) =

r n+k n+r+ly _ (n+r+l ntr+l\ _ (n4r+2 :
Zk;o( k_)+( r+l ) =" )+(r+1 )_(r+l ), using
the inductive hypothesis and Pascal’s Identity. 29. We can
choose the leader first in n different ways. We can then choose
the rest of the committee in 2"~! ways. Hence, there are n2"~!

ways to choose the committee and its leader. Meanwhile,
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the number of ways to select a committee with £ people
is (Z) Once we have chosen a committee with & people,
there are k ways to choose its leader. Hence, there are
3 i1 k(;) waysto choose the committee and its leader. Hence,
Y i1 k(}) =n2""1. 31. Let the set have n elements. From
Corollary 2 we have (5) — (}) + () — -+ (=1"(}) =0.
It follows that (§) + (5) + (3) +---= () + ) + () +----
The left-hand side gives the number of subsets with an even
number of elements, and the right-hand side gives the number
of subsets with an odd number of elements.  33. a) A path
of the desired type consists of m moves to the right and n
moves up. Each such path can be represented by a bit string
of length m +n with m Os and n 1s, where a 0 represents
a move to the right and a 1 a move up. b) The number of
bit strings of length m + n containing exactly n 1s equals
("™*") = ("*") because such a string is determined by speci-
fying the positions of the n 1s or by specifying the positions of
them Os.  35. By Exercise 33 the number of paths of length
n of the type described in that exercise equals 2", the number
of bit strings of length n. On the other hand, a path of length
n of the type described in Exercise 33 must end at a point
that has n as the sum of its coordinates, say (n — k, k) for
some k between 0 and n, inclusive. By Exercise 33, the num-
ber of such paths ending at (n — k, k) equals ("_’;Jrk) =(})-
Hence, Y ;o (;) =2".  37. By Exercise 33 the number of
paths from (0, 0) to (n + 1, r) of the type described in that ex-
ercise equals ("+:+l). But such a path starts by going j steps
vertically for some j with 0 < j <r. The number of these
paths beginning with j vertical steps equals the number of
paths of the type described in Exercise 33 that go from (1, ;)
to (n + 1, 7). This is the same as the number of such paths
that go from (0, 0) to (n, » — j), which by Exercise 33 equals
("177)- Because 3y ("177) = Tico ('3Y), it follows that
T () =770 39 (3) wP) oG
d) (L(nﬁ;)l/z ) © Largest odd entry in nth row of Pascal’s
triangle  f) (3"_3 )

n—1

Section 5.5

1.243  3.26° 5.125 7.35 9.a)1716 b) 50,388
€) 2,629,575 d)330 €9,724 11.9 13.4,504,501
15.2) 10,626 b) 1,365 «¢) 11,649 d)106 17.2,520
19. 302,702,400  21.3003  23.7,484,400 25.30,492
27.C(59,50) 29.35 31.83,160 33.63 35.19,635
37.210 39.27,720 41.52!/(71°17!) 43. Approximately
6.5x10%2 45.2)C(k+n—1,n) b)(k+n—1)/(k—1)
47. There are C(n,n;) ways to choose n; objects for
the first box. Once these objects are chosen, there are
C(n — ny, ny) ways to choose objects for the second box.
Similarly, there are C(n —n; —ny, n3) ways to choose
objects for the third box. Continue in this way un-
til there is C(n —ny —ny — -+ — gy, ng) = C(ng, ng) =
1 way to choose the objects for the last box (because n; +
ny + - - - 4+ ny = n). By the product rule, the number of ways
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to make the entire assignment is C(n,n;)C(n — ny, ny)C
(n—ny—ny,n3)---C(n—ny—ny — -+ — nj_y, ny), which
equals n!/(n;!ny! - - - ny!), as straightforward simplification
shows.  49. a) Because x; < xp < --- < x,, it follows that
Xx1+0<x+1<---<x +r—1 The inequalities are
strict because x; +j — 1 < x;41 + j as long as x; < x;4;.
Because 1 < x; <n+r — 1, this sequence is made up of »
distinct elements from 7. b) Suppose that 1 < x; < x; <
<o+ <x <n+4r—1. Let yy =x; — (k— 1). Then it is not
hard to see that y; < yy41 for k=1,2,...,7 — 1 and that
I <y <nfork=1,2,...r. It follows that {y;, y2, ..., y}
is an 7-combination with repetitions allowed of S. * ¢) From
parts (a) and (b) it follows that there is a one-to-one corre-
spondence of r-combinations with repetitions allowed of §
and r-combinations of T, a set with n +r — 1 elements. We
conclude that there are C(n +r — 1, r) r-combinations with
repetitions allowed of S. 51.65 53.65 55.2 57.3
59.2)150 b)25 ¢)6 d)2  61.90,720 63.The
terms in the expansion are of the form x]'xy* - - - x/», where
ny+ny+---+n, =n. Such a term arises from choosing
the x; in n; factors, the x; in n, factors, ..., and the x,, in
ny, factors. This can be done in C(n;ny, ny, ..., ny,) ways,
because a choice is a permutation of n; labels “1,” n, labels
“2) ..., and n,, labels “m.”  65.2520

Section 5.6

1.14532, 15432, 21345, 23451, 23514, 31452, 31542,
43521, 45213, 45321 3.a)2134 b)54132 c¢) 12534
d) 45312 e) 6714253  )31542678  5.1234,1243,
1324, 1342, 1423, 1432, 2134, 2143, 2314, 2341, 2413,
2431, 3124, 3142, 3214, 3241, 3412, 3421, 4123, 4132,
4213, 4231, 4312, 4321 7.{(1,2,3}, {1,2,4}, {1,2,5},
{1,3,4}, {1,3,5}, {1,4,5}, {2,3,4}, {2,3,5}, {2,4,5},
{3,4,5} \9.The bit string representing the next larger r-
combination must differ from the bit string representing the
original one in position i because positions i + 1, ..., 7 are
occupied by the largest possible numbers. Also a; + 1 is
the smallest possible number we can put in position i if
we want a combination greater than the original one. Then
a;+2,...,a; +r —i + 1 are the smallest allowable num-
bers for positions i + 1 to 7. Thus, we have produced the next
r-combination.  11. 123, 132,213, 231, 312, 321, 124, 142,
214,241, 412, 421, 125, 152, 215, 251, 512, 521, 134, 143,
314, 341, 413, 431, 135, 153, 315, 351, 513, 531, 145, 154,
415, 451, 514, 541, 234, 243, 324, 342, 423, 432, 235, 253,
325, 352, 523, 532, 245, 254, 425, 452, 524, 542, 345, 354,
435, 453, 534, 543 13. We will show that it is a bijection
by showing that it has an inverse. Given a positive integer less

- thann!, letay, ay, ..., a,_; be its Cantor digits. Put n in po-

sition n — a,_y; then clearly, a,_, is the number of integers
less than 7 that follow # in the permutation. Then put n — 1
in free position (n — 1) — a,_,, where we have numbered the
free positions 1, 2, ..., n — 1 (excluding the position that n is
already in). Continue until 1 is placed in the only free position
left. Because we have constructed an inverse, the correspon-
dence is a bijection.
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15. procedure Cantor permutation(n, i: integers with
n>1land0<i <n!)
x:=n
forj:=1ton
pj = 0
fork:=1ton—1
begin
ci=lx/(m=K);x:=x—cn—k);h:=n
while p, #0
h:=h-1
forj:=1toc
begin
h=h-1
while p, # 0
h:=h-1
end
pri=n—k+1
end
h:=1
while p;, # 0
h=h+1
pri=1
{p1p2 - - - pu is the permutation corresponding
toi}

Supplementary Exercises

1. a) 151,200 b) 1,000,000 ¢)210 d)5005 3,310
5.24,600 7.a)4,060 b)2688 c)25,009,600 9.a)192
b)301 ¢)300 d)300 11.639  13. The maximum
possible sum is 240, and the minimum possible sum is 15.
So the number of possible sums is 226. Because there are
252 subsets with five elements of a set with 10 elements, by
the pigeonhole principle it follows that at least two have the
same sum. 15.2)50 b)50 ¢)14 d)5 17.Let q,
ay, ..., ay be the integers, and let d; = Z'j:, a;. Ifd; =0
(mod m) for some i, we are done. Otherwise d; mod m,
d, mod m,...,d, mod m are m integers with values
in {1,2,...,m — 1}. By the pigeonhole principle d; = d;
for some 1 <k <! <m. Then Y. a; =d —ds =0
(mod m). 19. The decimal expansion of the rational num-
ber a/b can be obtained by division of b into a, where a is
written with a decimal point and an arbitrarily long string of
0s following it. The basic step is finding the next digit of the
quotient, namely, |#/b ], where r is the remainder with the next
digit of the dividend brought down. The current remainder is
obtained from the previous remainder by subtracting b times
the previous digit of the quotient. Eventually the dividend has
nothing but 0s to bring down. Furthermore, there are only b
possible remainders. Thus, at some point, by the pigeonhole
principle, we will have the same situation as had previously
arisen. From that point onward, the calculation must fol-
low the same pattern. In particular, the quotient will repeat.
21.2) 125970  b)20 ) 141,120,525 d) 141,120,505
e) 177,100 f) 141,078,021 23.a)10 b)8 ¢)7 25.3"
27.Cn+2,r+ )=Cn+ 1L, r + 1) + C(n + 1,7) =
2n+1L,r+D)-Cn+1L,r+1)+Cwn+1,r)=
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20n+ Lr+1) = (C(n,r + 1)+ C(n,r)) + (C(n,r) +
Cln,r = 1) =2Cn + Lr + 1) = Cn,r + 1) +
C(n,r —1) 29.Substitute x =1 and y =3 into the Bi-
nomial Theorem. 31.C(n+1,5) 33.3,491,888,400
35.5% 37.2)45 b)57 ¢)12 39.a)386 b)56 c)512
41.0ifn <m;C(n— 1, n—m)ifn >m 43. a) 15,625
b)202 ¢)210 d) 10
45. procedure next permutation (n: positive integer,
ay, az, ..., a,: positive integers not exceeding
nwithajay...a, #nn...n)
i=r
while a; = n
begin
a; =1
i=i—1
end
a=a;+1
{a1a; ... a, is the next permutation in lexicographic
order}
47. We must show that ifthere are R(m, n — 1) + R(m — 1, n)
people at a party, then there must be at least m mutual friends
or n mutual enemies. Consider one person; let’s call him Jerry.
Then there are R(m — 1, n) + R(m, n — 1) — 1 other people
at the party, and by the pigeonhole principle there must be at
least R(m — 1, n) friends of Jerry or R(m,n — 1) enemies
of Jerry among these people. First let’s suppose there are
R(m — 1, n) friends of Jerry. By the definition of R, among
these people we are guaranteed to find either m — 1 mutual
friends or # mutual enemies. In the former case, these m — 1
mutual friends together with Jerry are a set of m mutual
friends; and in the latter case, we have the desired set of n
mutual enemies. The other situation is similar: Suppose there
are R(m, n — 1) enemies of Jerry; we are guaranteed to find
among them either m mutual friends or » — 1 mutual ene-
mies. In the former case, we have the desired set of m mutual
friends, and in the latter case, these n — 1 mutual enemies
together with Jerry are a set of » mutual enemies.

CHAPTER 6

Section 6.1

1.1/13 3.12 5.1/2 7.1/64 9.47/52
11.1/C(52,5) 13.1—[C(48,5)/C(52,5)] 15.C(13,2)
C(4,2)C(4,2)C(44,1)/C(52,5) 17.10,240/C(52, 5)
19. 1,302,540/C(52,5)  21.1/64 23.8/25 25.a)1/
C(50,6)=1/15,890,700  b) 1/C(52,6) = 1/20,358,520
¢) 1/C(56, 6) = 1/32,468,436 d) 1/C(60,6) =1/
50,063,860 27.a) 139,128/319,865 b)212,667/511,313
¢) 151,340/386,529 d) 163,647/446,276 29, 1/C(100, 8)
31.3/100 33.a)1/7,880,400 b) 1/8,000,000 35.a)9/19
b) 81/361 ¢)1/19 d)1,889,568/2,476,099 e)48/361
37. Three dice  39. The door the contestant chooses is cho-
sen at random without knowing where the prize is, but the
door chosen by the host is not chosen at random, because he
always avoids opening the door with the prize. This makes



